In this paper, optimal control strategy for scheduling of household sources and loads during a demand response program is demonstrated. A nonlinear integer optimization mathematical model is formulated on a single household under time-of-use electricity tariff with dedicated PVbattery system. Baseline data is obtained from field measurements. The results show that by optimally scheduling residential electrical resources under time differentiated electricity tariff can accord consumers economic benefits while providing an advantage to the utility from the reduced and levelled power consumption from the grid thereby increasing system stability. The other advantage derived from this model is the mitigation of carbon emissions.
Introduction
Demand-side management (DSM) techniques are becoming a major step in the realization of the smart grid systems. Globally, power utilities are gradually moving towards employing tools and programs that enable DSM programs so as to permit electricity suppliers to manage consumption and also for consumers to voluntarily lower their demand for electricity. Alternative to connecting more traditional supply units to the power system, DSM programs pay energy consumers to reduce their consumption. DSM is a set of flexible and interconnected programs that permits customers a substantial role in decreasing their general usage of electricity and shifting their load during peak times and this fosters better efficiency and operations in electrical energy systems 1 . DSM activities, which are classified into; energy response (energy efficiency and conservation (EEC)) and demand response (DR), as shown in Figure 1 , 1 Sustainable energy regulation and policymaking for Africa, Module 14; Demand side management.< http://africatoolkit.reeep.org/modules/Module14.pdf> are becoming more popular due to technological advances in smart grids and electricity market deregulation [1] .
Demand Side Management
Demand response (Load shifting; peak clipping and valley filling)
Innovative pricing ( Energy efficiency and conservation programs entail encouraging customers to give up some of their energy usage [2, 3] in order to gain some economic benefits. The energy reduction can be achieved through activities such as reducing the settings of thermostat [4, 5] or retrofitting projects [6] such as replacing incandescent with energy saving bulbs.
Demand response (DR) on the other hand is a highly flexible program that can be customized to the energy consumption and financial objectives of participants. DR is defined as the reduction in the consumption of electrical energy by customers from their expected consumption in response to an increase in the price of electrical energy or to incentive payments 2, 3 . DR options are generally categorized as price-based and incentive-based programs [7] . It is expected that demand response will be an important stepping stone towards practical deployments of the smart grid [8] .
Due to the complex interactions between residential customers and the power utility companies, DSM has often been studied using various techniques [8] . In this work, residential DR is studied using the optimization approach. In the optimization approach, load shifting is proposed where a consumer attempts to find the best way to schedule their resources depending on the electricity tariff provided by the utility. In this paper, it is shown that, under such a setting, whenever customers have enough transferable appliances, significant energy savings can be achieved. With proper modelling of appliance usage in a household as well as taking into consideration the consumer's options of inconvenience, budget and proper coordination of appliances has been shown in this study that it affects the appliance scheduling problem.
Today the world is moving towards cleaner energy strategies which are inevitable in smart grid applications. Therefore, it has also been shown in this work that by incorporating the storage and PV generator the consumer can further increase cost savings and reduce their electricity peak consumption as well as the energy drawn from the grid.
The aim of this work is to formulate and simulate an optimal control mathematical model for the management of household energy resources and the load for smart grid applications. In this paper, RDR is studied in a household with a dedicated PV-battery system. The household under study is subjected to a time-of-use electricity tariff.
It is also imperative to provide consumers with knowledge of their carbon emissions impact because the information could also serve as an inspiration to manage their consumption. For additional environmental sustainability, the use of PV systems is encouraged in many countries to promote near net zero energy buildings. These motivations are also in line with the current ongoing global environmental awareness campaigns and trainings.
Problem Formulation

General Requirements
We consider one household assumed to be subjected to variable electricity prices with a dedicated PV-battery system. Figure 2 shows the power flows of the modelled system.
The nature of RES makes it a challenge to integrate them in a power system. The two main characteristics of RES that present challenges are their intermittency and their unpredictability. The impact of both these characteristics can be mitigated by the application of batteries in the system.
Optimization model
In this section mathematical model is formulated for the optimal control of the system presented in section 2. This model is an enhancement of our previous work [9] . The formulations are presented as model objective function followed by formulation of constraints. 
Model objective function
In order to obtain an optimal operational scheme that balances the objectives in (1), a weighting method is employed to integrate the sub-objectives into one. The advantage of this approach is that the consumer has an option to choose the sub-objective to use in order to control their consumption. The household seeks to minimize the following combined cost function:
where w 1 , w 2 and w 3 are the weighting attached to these objectives according to the consumer's preference, and 3 j=1 w j = 1. J e is the energy cost function as in (2), J I is the inconvenience cost function shown in (4) while J c is the carbon emissions cost objective function given in (5).
Energy cost model
The energy cost objective function (2) minimizes the cost of energy consumed by a household through optimal scheduling of appliances and the battery using TOU electricity tariff.
u i,t = 1, when appliance i is on at t; 0, when appliance i is off at t.
P inf , P f lex and P ngt are appliance classifications denoting inflexible, flexible and night-time load, respectively, and a household consists of these three types of loads. Flexible loads can be adjusted according to the consumer's preferences and night-time loads can be committed during the night (22:00-05:00), while inflexible appliances are nonshiftable. k is an index of controllable appliances.
Inconvenience cost model
The scheduling inconvenience, I, minimizes the disparity between the baseline and the proposed optimal schedule [10] . The consumer therefore also minimizes the inconvenience given by:
The baseline u bl k,t of controllable appliances is obtained from the measured results as explained in data section.
Carbon emissions cost model
The carbon emissions optimal control model is the carbon footprint of the consumer from the grid electricity usage offset by the injection of emission-free electricity from the RES [9] . The goal is to minimize the cost of carbon emissions by a household.
where J c is the CO 2 emission cost, λ C , is the emission price and M C,t is the mass of CO 2 emission in kilogram, which is computed as follows;
and with P b,t = P pv,t , therefore, (6) reduces to;
where α grid is the CO 2 emission rate of the grid, which is 0.99 kg of CO 2 /kWh for South Africa's utility 4 , and is charged at λ C = R0.1323/kg. Note that the charging of the battery is taken care of by the PV system. 4 Eskom Integrated report,2014 <http://http://www.integratedreport.eskom.co.za//> 3.2 Model constraints
Battery model
The PV-battery system is considered in this work because of their numerous benefits to both the consumer and the utility. In order to improve the interconnection of the PV to the grid, the batteries are used and optimally controlled to manage the charge and discharge process. This is because the PV is exposed to swift weather changes that affect the power system stability. The battery model presented as the state of charge is shown in equality (8) [10] . The battery continuous variables are charging and discharging powers, P b,t andP b,t .
where E t is the SOC of the battery, E 0 is the initial SOC of the battery, whereas batterys energy during charging and discharging periods are η c t γ=1 P b,γ ∆t and
The constraints to the battery model are:
where (9) is the battery energy capacity limits and (10) presents the exclusive operation of the battery because the battery cannot charge and discharge simultaneously. This equality also permits the idle state of the battery.
Power flows
Equality (11) models the power consumed by a set of all appliances A at time step t.
(P inf ,t , P f lex,t , P ngt,t ) ≥ 0, while the total power demanded by a household at each time step is given by,
and P b,t is the power consumed by the battery while charging at t.
The power balance equality (13) shows that the total power demanded by the load P t , is satisfied by bothP b,t and P m,t , that is, the battery output and grid power. The PV power P pv,t charges the battery.
where
The upper bound for the grid's power is approximated as, P max m = 220V * 60A * 0.8 = 10.56kW , with nominal single phase ratings of 220V and 60A, and an assumed power factor of 0.80.
Constraint (15) bounds the battery charge to the PV output. The total power consumption in a day is given by (16). k is the controllable appliance index and K is a set of controllable appliances. P k,t is the rated power of controllable appliance k at time t. u k,t is the commitment status of appliance k at time t and ρ t is the TOU electricity price at t.
Inequality (17) models the maximum grid power to the household's distribution board capacity.
Appliance operation constraints
Given d k , e k and N k as the pre-set start and end time parameters; and the amount of time required to complete the normal operation of appliance k, respectively, then inequality (18) holds.
where the inequality (20) models the continuous operation of appliance k. (21) and (22) are coordination constraints. The numerical indices in equality (21) and inequality (22) correspond to appliance index as provided in Table 1 .
Equality (24) models the consumers budget in a day. The parameter C is obtained from the consumer's bill and is R25/day.
The formulated model is MINLP optimal control problem with control variables u i,t , P b,t ,P b,t , and P m,t .
Data
One household in South Africa has been used as a case study with data provided in this section.
Tariff
The TOU tariff structure adopted in this paper is the South Africa's TOU Homeflex 1 for households. The structure consists of five charge components 5 as network, service charge and environmental levy which we term fixed charges and, peak and off-peak charges as variable parameters. We model these into fixed and variable charges as follows:
where F C is a fixed charge and consist of service charge, network charge and environmental levy, while V C are peak and off-peak energy charges. 
Appliance data
The appliances rated power is specified by the manufacturers and can be obtained from the appliances. One month's weekday data on appliance usage in the household under study were collected [9] . Table 1 shows flexible, inflexible and night-time loads. In Table 1 , for example; stove usage commitment time in the morning is between 04:00-06:00Hrs while it can be between 17:00-19:00Hrs in the evening. Table 1 also shows the measured maximum runtime, N i , of appliance i. 
P pv and battery data
The battery bank data is provided as; Batter capacity 10kWh, η c = 75%, η d = 100% and DOD=50%, and the data for P V is shown in Figure 3 as PV output power; this data is adopted from [12] . The minimum discharge capacity of 50% has been shown to sustain the lifespan of the battery [13] .
Solution methodology
The MINLP optimization problem formulated in (1)- (24) is solved with an optimization solver, SCIP, available in the Matlab interface OPTI toolbox. The simulation study is performed for 24 hours at a sampling time of 15 minutes.
The measured results are compared with simulation results to demonstrate the effectiveness of the algorithm.
Simulation Results and Discussion
This section provides the simulation results obtained obtained in this paper. The results are graphically presented in Figure 3 . The first sub-plot shows the battery's state of charge; the battery charges at 11:00Hrs and maintains the charge until it discharges at 18:00-19:00Hrs. This shows the effectiveness of the controller for the battery to supply at times when the electricity prices are high and charges at low prices.
The second sub-plot shows the baseline load profile of appliances and the load profile of optimally controlled appliances. It can be seen that the baseline's morning peak of 4.611kW occurs at 06:00Hrs while the evening peak of 6.79kW is at 19:00Hrs. The optimal control strategy on appliance scheduling reduces the morning and evening peaks by more than 50% each due to load shifting. A cost saving of 27% is achieved by appliance scheduling only.
The third sub-plot shows the power consumed in the household, i.e. by both the battery during charging and the appliances, P T ; The grid power P m and the battery's discharge power.P b shows the power discharged by the battery it shows that the batter slightly starts discharging from 19:00Hrs. This coincides with SOC in the first subplot. The load flow shows the advantage of incorporating the PV/Storage system in a residential appliance scheduling problem where price is used as a controller. A combination of appliance scheduling and PV/storage system accords the consumer to reduce the highest evening peak by 29%. These results could be useful to both the consumer and the utility in that the utility gains a levered consumption which increases power security. Consumers gain economic cost saving in the form of a reduced bill.
The bar-chart in Figure 4 provides a summary of costs obtained from this simulation. For the optimal solution obtained, the inconvenience cost that comes with the optimal schedule is R5.65 while the solution offers C0 2 cost saving by R3.4198 per day, which is 11.8%.
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Conclusion
It has been shown in this work that; in the presence of variable electricity prices, the consumer can schedule their shiftable appliances to less expensive off-peak prices. This can accord the consumer some economical savings and the utility some balanced power drawn from the system. It has been found out that inconvenience cost affects the energy and cost savings because the level of savings depends on the degree at which the consumer may be willing to be inconvenienced by the proposed optimal schedule.
When the battery is used with a PV system as dedicated systems, more energy savings are realised and more reduction in the power consumption from the grid is achieved. It is also shown in this study that the consumer could use not only the energy cost, inconvenience to regulate their consumption but also the knowledge on environmental impact. Knowledge of C0 2 can also be used to regulate consumption.
